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Abstract
Barbilian spaces are metric spaces with a metric induced by a special procedure of metrization that is inspired by the study of
the models of non-Euclidean geometry. In this note we discuss the history of Barbilian spaces and the evolution of the theory. We
point out that some of the current references to work done in Barbilian spaces refer to Barbilian’s contribution from 1934, while
his construction has been greatly extended in four works published in Romanian in 1959–1962.
© 2006 Elsevier Inc. All rights reserved.
Résumé
Les espaces de Barbilian ont été introduits en 1934 par D. Barbilian et plusieurs auteurs ont travaillé sur ce sujet. Ce sont des
espaces métriques où la distance est inspirée de l’étude de géométries non-euclidiennes. Cette note présente l’histoire de cette
idée et l’évolution de cette théorie. Plusieurs auteurs ont cité récemment les contributions de Barbilian de 1934. Quatre papiers
importants de Barbilian ont été publiées en roumain entre 1959 et 1962.
© 2006 Elsevier Inc. All rights reserved.
MSC: 01A60; 54E35; 51M10; 51M99
Keywords: Hyperbolic geometry; Non-Euclidean geometry; Barbilian spaces; Barbilian’s metrization procedure
Several new developments in the area of complex analysis from the last decade shed new light on the work of Dan
Barbilian (1895–1961). This note is motivated by the recent increased attention to Barbilian’s work (see the references
at the end to Beardon, 1998; Boskoff, 1993, 1994, 1995, 1996a, 1996b, 1998, 2002; Boskoff and Horja, 1994; Gehring
and Hag, 2000; Hästö, 2003a, 2003b, 2004a, 2004b, 2006; Hästö and Ibragimov, 2007; Hästö and Lindén, 2004;
Hästö et al., 2007; Ibragimov, 2002, 2003a, 2003b; and Souza, 1999). Barbilian had a profound impact on 20th century
Romanian arts and culture through his contributions in literature and mathematics. His literary works, published under
the pen name of Ion Barbu, received critical acclaim. His most important literary volume, Joc secund (Secondary
Game), published in 1930, inspired a long list of works starting with Vianu’s book [Vianu, 1935] and ending with
more recent studies, e.g. [Ciora˘nescu, 1981; Colos¸enco, 1989; Pillat, 1984]. In mathematics, two of his papers have
had a lasting impact. The first is two pages long and contains the results presented in a talk delivered in Prague in
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222 W.G. Boskoff, B.D. Suceava˘ / Historia Mathematica 34 (2007) 221–2241934 [Barbilian, 1934–1935]. The second paper is a lengthy work in two parts [Barbilian, 1940b, 1941]. It inspired
research in ring geometries, nowadays associated with his, Hjelmslev’s and Klingenberg’s names.
Dan Barbilian was born in Romania in 1895 and did his undergraduate work at the University of Bucharest. He
had to put his studies on hold for several years when he was conscripted into the Romanian army and served in
World War I. As a result, he did not receive his degree until 1921. For several years afterwards, he studied number
theory in Goettingen. Although he initially planned on writing his thesis with Edmund Landau, he later expressed his
disappointment with number theory “as conceived by Landau, a competition of formulas of asymptotic evaluation”
and returned to Romania in 1924 without his doctoral degree. There he defended his Ph.D. thesis under Gheorghe
T¸it¸eica’s direction in 1929. For several years, Barbilian dedicated himself mainly to literary projects and, by the end
of the decade, he had completed most of the work (see Barbu, 2000) that led to his recognition as “one of the greatest
Romanian poets of the twentieth century and perhaps the greatest of all” (see Ciora˘nescu, 1981, 9).
Barbilian’s biographers agree that 1933 is the year of his return to mathematics. One of the most important problems
he worked on in 1933–1934 was a procedure to generalize some geometric properties of the metric used in the
Beltrami–Klein model of plane hyperbolic geometry. One year later, he already had results that were worth being
presented to an international mathematical meeting in Prague, and which were published in [Barbilian, 1934–1935].
That presentation was followed by an exchange of letters with Wilhelm Blaschke, who had attended the Prague
meeting and expressed an interest in Barbilian’s idea of metrization. Unfortunately, although Barbilian continued to
work intensely in this direction, he did not publish on this topic over the next 5 years. Later, he wrote that there had
been a substantial joint project with Blaschke that had never been completed. He also mentioned the exchange of
letters with Blaschke in a meeting of Societatea de S¸tiint¸e Matematice, on December 17, 1934 [Barbilian, 1940a], and
he included a related idea in the lecture notes for one of his undergraduate courses [Barbilian, 1933–1934, 405–409].
The terminology of Barbilian spaces was first introduced by Blumenthal [1938], based on Barbilian’s talk in Prague
[Barbilian, 1934–1935].
In Bucharest, after 1939, Barbilian’s mathematical interest shifted towards algebra and number theory. During the
war, he continued to teach and work at the University of Bucharest. He wrote several papers, but none of them related
to the metrization procedure named after him.
After the war, the problem of Barbilian spaces was revived by Paul Joseph Kelly (see Kelly, 1954). Born in 1915
in Riverside, California, Kelly earned his Ph.D. in 1942 from the University of Wisconsin at Madison. For a few years
after 1957, he was the Chair of the Department of Mathematics at U.C. Santa Barbara. In the American Mathematical
Monthly Kelly [1954, 311] wrote:
In a very brief paper in ˇCasopis Matematiky a Fysiky (1934–1935), D. Barbilian defines a class of metric spaces (which
we will call Barbilian spaces) and states some of their properties. It seems to the author that the Barbilian approach to the
Poincaré model has certain advantages of simplicity and generality.
In Romania, Barbilian found out about Kelly’s paper from Mathematical Reviews, as he wrote in [Barbilian, 1959a].
The news surely made a strong impression on him. Working in isolation, he thought his prewar research had been
forgotten. He decided to return to geometry and had to recreate most of the theory from scratch, since he had kept
only brief notes (see Barbilian, 1959a). The following excerpt [Barbilian, 1959a, 69] shows clearly that Kelly’s paper
provided Barbilian with an important motivation to return to work on this topic:
Recently, Kelly, in his article entitled Barbilian Geometry and the Poincaré model, reopens the discussion on the topic of
our talk presented in the Meeting of mathematicians from slavic countries, from Prague (1934), that he learned about from
L.M. Blumenthal’s monograph [1938], from the section entitled Barbilian spaces. Thus, this research regards work done
twenty four years ago. Since then, this topic was not in our attention. But between 1934 and 1939 we have speculated a
lot on this idea, without publishing anything. We communicated part of our results to Wilhelm Blaschke with whom, after
the Prague Meeting, which he attended, we have exchanged letters on this topic. The long article we have projected, was
not written in the end, due to the war and due to our change of interest toward algebra and number theory. Since, as it
seems, the geometries that we have proposed in 1934 are of interest today, we believe that it is not pointless to present
the supplementary results obtained in this direction in the interval 1934–1939, reconstructing them after the brief notes
that we kept. We are able to see that the viewpoint of the 1934 generalization can be surpassed by far. We will find a
very general procedure of metrization, through which the positive functions of two points, on certain sets, can be refined
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underlying process.
Barbilian wrote that he was not able to find that particular issue of the Monthly in Romania at that time (see
Barbilian, 1959a, 76):
We are not able to read P.J. Kelly’s article, which is known to us only from the review written by L.M. Blumenthal in
Mathematical Reviews.
In 1957, Barbilian travelled to the Dresden International Congress of Mathematics; therefore he must have had
some access to information. His decision to publish his work only in Romanian after 1959 might be one of the reasons
why the theory of Barbilian’s metrization procedure did not enjoy a larger audience. However, there was at least one
person who was well-informed at this time, namely L.M. Blumenthal, who wrote the comment for Mathematical
Reviews (see Blumenthal, 1959).
Between 1959 and 1961, Barbilian wrote four papers on this topic [Barbilian, 1959a, 1959b, 1960; Barbilian and
Radu, 1962]. The last one, co-authored with Nicolae Radu, was submitted to the editor on October 20, 1961, after
Barbilian’s death, which came on August 11, 1961. In these papers, the theory presented originally in [Barbilian,
1934–1935] was developed and greatly extended.
In 1981, P.J. Kelly and G. Matthews [1981] showed how the idea of Barbilian space can be integrated into the study
of non-Euclidean geometry at an introductory level.
In the last decade, the original paper [Barbilian, 1934–1935] has received many citations. The study of the Apol-
lonian metric and quasiconformal mappings has attracted the interest of many researchers. Beardon [1998] made a
first study in this direction, and Gehring and Hag [2000] continued his work. Further studies of the Apollonian metric
were completed by Hästö, Ibragimov, and others (see the references). All of these researchers cited Barbilian’s paper
of 1934–1935. W.G. Boskoff [1996b] published a comprehensive monograph from a geometric viewpoint; see also
his volume of 2002.
Barbilian himself recommended the use of the term “Apollonian metric space” in 1959, pointing out with modesty
that he found it more appropriate than the name “Barbilian space,” proposed by Blumenthal and Kelly (cf. Barbilian,
1959a, 99).
It is our hope that the chronological clarifications presented in this note complement the information already avail-
able in this area. For the reader interested in finding more about Barbilian’s life, literary work or other biographical
details, there are other references available either in English [Ciora˘nescu, 1981], or in Romanian [Colos¸enco, 1989;
Gibescu, 1979; Pillat, 1984; Vianu, 1935].
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